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?t�zy�D�TY"b�{��| qæ9²é%zyD5H&Fé%{����D5Y9��
[15] D6��HI3"9*2"9���?t�zy�þ\¦§Y"y�D��&��TY"b�{����RJø��D�"z���	D5Y Busch

�µ
D�q9��&?t�zy��?t��y\¦§Y"y�n��ÜDÊW9n��Ü��y��3I&�� r
�

1
�ir*��Hy�?���7*�&{���D5Y@QAD����q9

2.1.1 Busch����
2.1
��YLW<�y�<3 z

?t�zy
(Br, 0, Bz)

�*&�b q D��{��tY"�R
θ
@��}� 0QæDA*5YJ
Fθ = −q(ṙBz − żBr) =

1

r

d

dt
(γm0r

2θ̇) (2.2)J<"9ss*����� “��±”
%~��D5Y9z ?D��JHy�� r

��D�M��"&z�
(magnetic flux)Ψ

%
Ψ =

∫ r

0
2πrBzdr (2.3)

*2"9{�%~� dt
��� (r, z)��V (r +

dr, z + dz)
��TY"9ø���z��-% Ψ D~��HI&

dΨ

dt
=

∂Ψ

∂r
ṙ +

∂Ψ

∂z
ż

= 2πrBz ṙ +

∫ r

0
2πr

∂Bz
∂z

drż

= 2πr(Bz ṙ −Brż) (2.4)J<"9ss*&
∇ ·B = 0

1

r

∂

∂r
(rBr) +

∂Bz
∂z

= 0 (2.5)Dfgy9(2.4) D (2.2)
��lHI&~�@Y"J

θ̇ = − q

2πγm0r2
(Ψ − Ψ0) (2.6)J<"9Ψ0

%
θ̇ = 0

�~�z�D5Y9�&zy%?t�* r,z
@��þ<�*&B�±	�0è�	%

A = (0, Aθ, 0)
J<"9�t ;�A�0¹�0%

L = −mc
2

γ
+ qcβ · A

= −mc
2

γ
+ qrθ̇Aθ (2.7)*!� !" [21]9θ@��"Ì��Tc%

Pθ =
∂L

∂θ̇
= qrAθ + γm0r

2θ̇ (2.8)J<"9ss*&β2c2 = ṙ2 +r2θ̇2 Dfgy9(2.8)J
(2.6) DñòHI

Ψ = 2πrAθ, Ψ0 =
2πPθ
q

(2.9)
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Ψ0 = 0
8V {�%Åàzy��l�Y"9zy�*���R%ΩL9Fé\zæéD5H&²é%{����D5Y9�� [15] D6��HI3"9\$ !"9����V ��R 0

���
(θ̇ = 0)

\���!"y�D��"9Ψ0 6= 0
4
“immersed”

8�~�%����D�Wzy\¦§Y"9Ψ0 = 04
“shielded”

8�~�%&����D�WzyDz,è�	�ÓDfgI 0
JHI3"9ss*%&��®3y��D�*����7)�÷3IzyD�H&���7)

z
@��Åà<zy\¦§Y"y�D��" 4� 2.26789Ψ0 = 0,Ψ = πr2BzJ÷�"�*&

θ̇ = − qBz
2γm0

=
ωc
2

= ΩL (2.10)J<"9ωc D���}±}0]`C&ΩL D��	�]`CJ
�9
2.1.2 ��������?t��zy

(Br, 0, Bz)
��?t���y

(Er, 0, Ez)
\¦§Y"y�D��"9����)\&�yJñòHI��*j"�d���3JÃµY"9J�1�º	@QALM�y��3I

∇× E = 0, ∇ · E = 0 (2.11)J<"9zy��3IN�à�
∇× B = 0, ∇ · B = 0 (2.12)J<"9∇×E = 0

&∇×B = 0*2"sJV &�y&zyD1����0è�	 φ
&
φm D�3

I5YsJ\*j"9
E = −∇φ, B = −∇φm (2.13)

(2.13) D (2.11)
&

(2.12)
����A��lY"J&�y&zy1����0è�	%&de N�w�1�@QA

∇2f(r, z) =
1

r

∂

∂r

(

r
∂f

∂r

)

+
∂2f

∂z2
= 0 (2.14)D�yY9?t�yD��"�*&1����0è�	D r

��CJHIn��ÜY"9
f(r, z) =

∞
∑

ν=0

fν(z)r
ν = f0+f1r+f2r

2+... (2.15)

(2.15) D (2.14)
��lY"J&

f1

r
+

∞
∑

ν=0

[(ν + 2)2fν+2(z) + f ′′ν (z)]rν = 0 (2.16)*2"9ss*������� “
w���”

%
z
��D5Y9�y&zy�

r
@�i%�y&zy1����0è�	D r*�Hy

∂f

∂r
= f1 + 2f2r + 3f3r

2 + ... (2.17)*5�!"9f1 6= 0
�y�&?���y�

r
@�i\ÝhY"sJ�<"\&r = 0

�÷3I%
Er = 0

&
Br = 0

J<"ýj*2"9s!LM
f1 = 0

J<"9�gI&(2.16) LM
(ν + 2)2fν+2(z) + f ′′ν (z) = 0 (2.18)J<M&4f2 + f ′′0

&
9f3 + f ′′1 = 0

&Ó\��$ !"\&
f1 = 0*2"sJV f3 = 0

J<"9�à���"J
fν = 0

4
ν
\ C8J<"sJV &

(2.18)
%

f2 = −1

4
f ′′0 when ν = 0

f4 =
1

64
f

(4)
0 when ν = 2ÓJ<"9�gI&(2.15)

%
f(r, z) = f(0, z)− r2

4

∂2f(0, z)

∂z2
+
r4

64

∂4f(0, z)

∂z4
− ...

(2.19)



J<"9z y�n��ÜD?�zy Bz(0, z) =

−∂φm(0, z)/∂z = B(z) D�3I5Y9(2.13)
&

(2.19)
&
f(r, z) = φm(r, z)

V &zy�
z
i%

Bz(r, z) = −∂φm(r, z)

∂z

= −∂φm(0, z)

∂z
+
r2

4

∂3φm(0, z)

∂z3
− ...

= B(z) − r2

4

∂2B(z)

∂z2
+ ... (2.20)J<"9�à� r

i%
Br(r, z) = −∂φm(r, z)

∂r

=
r

2

∂2φm(0, z)

∂z2
− ...

= −r
2

∂B(z)

∂z
+ ... (2.21)J<"9�y�n��ÜD?��y�0è�	

φ(0, z) = V (z) D�3I5Y9(2.13)
&

(2.19)
&

f(r, z) = φ(r, z)
V &

z
i%

Ez(r, z) = −∂φ(r, z)

∂z

= −∂V (z)

∂z
+
r2

4

∂3V (z)

∂z3
− ...(2.22)J<"9�à� r

i%
Er(r, z) = −∂φ(r, z)

∂r

=
r

2

∂2V (z)

∂z2
− ... (2.23)J<"9

2.1.3 ��������?t��y&?t�zy�¦§Y"y��{������DÊWÌÍ\*jy9?�� 4�?8�{����þD��"sJJH&�y&zy��3I
r
�

1
�ir**��Y"J&{���D5Y@QA\'ô�<"9(2.20)

&
(2.21)

&
(2.22)

&
(2.23)

V 
Bz(r, z) = B(z), Br(r, z) = −r

2
B′(z) (2.24)

Ez(r, z) = −V ′(z), Er(r, z) =
r

2
V ′′(z) (2.25)J<"9s���%&{�����\�y&zyD�iY"��&z�����òýI����!åiM½�9{�����\��3J3WsJ%&{����

r
@���R\

z
@��òýI���3sJ�N<"9Y<�e&ṙ ≪ ż 	% r′ ≪ 1N
�Y"9{�\

r
@����"����3I�@QA%

d

dt
(γm0ṙ) − γm0rθ̇

2 = q(Er + rθ̇Bz) (2.26)*2"9(2.24) D (2.3)
��lY"J

Ψ = πr2BzJ<"9s!D (2.6)
��lY"J

−θ̇ =
q

2γm0

(

Bz −
Ψ0

πr2

)

(2.27)\$ !"9(2.27) D (2.26)
��lH&� �

d

dt
(γm0c

2) = qEzβc

γ̇ ≈ βqEz/m0c (2.28)N
(2.26)

��lY"J&
r̈ +

βqEz
γm0c

ṙ +
q2B2

z

4γ2m2
0

r

− q2Ψ2
0

4π2γ2m2
0

1

r3
− qEr
γm0

= 0 (2.29)J<"9r�~�� 4��±8*%<q&z�� 4w���8*5YJ&
ṙ = βcr′

r̈ = r′′ż2 + r′z̈

≈ r′′β2c2 + r′β′βc2 (2.30)J<"9ż ≫ ṙ
<�*&ż = βc

&
z̈ = β̇c = β′βc2Dfgy9(2.11) LM∇ ·E = 0
4����2"õö��Ç�b\<38<�*&

1

r

∂

∂r
(rEr) +

∂Ez
∂z

= 0 (2.31)J<"9(2.25)LMEz\ r
�L <3�*&(2.31)D r

��HI@*j"9� �&(2.28) Df WJ
Er
%��LW�5�!"9
Er = −1

2
rE′

z = −1

2
rγ′′m0c

2/q (2.32)



(2.28)
&

(2.32) D (2.29)
��lHIrJ�"J&

r′′ +
γ′r′

β2γ
+

[

γ′′

2β2γ
+

(

qBz
2βγm0c

)2
]

r (2.33)

−
(

qΨ0

2πβγm0c

)2 1

r3
= 0J<"9(2.9)

&
(2.10)DfgI (2.33)D��Y"J

r′′+
γ′r′

β2γ
+

(

γ′′

2β2γ
+

Ω2
L

β2c2

)

r−
(

Pθ
βγm0c

)2 1

r3
= 0

(2.34)J<"9����/�β
J
γ
%�0è�	φ

��C*2"9�T��	
�m0c
2(γ−1)

J�0è�	��	
�qφ
��D0

JY"J&
m0c

2(γ−1)+qφ =

0
<�*&��Y"J

γ = 1 − qφ

m0c2
= 1 +

φ

φ0
(2.35)J<"9ss*&

φ0 = −m0c
2/q (2.36)Dµ¶Y"J

β2 =
φ(2φ0 + φ)

(φ+ φ0)2
(2.37)J<"9(2.35)

&
(2.36)

&
(2.37) D (2.33)

��lY"J&
φ(2φ0 + φ)

φ0 + φ
r′′ + φ′r′

+

[

φ′′

2
+

(

qBz
2m0c

)2( φ2
0

φ+ φ0

)

]

r

−
(

qΨ0

2πm0c

)2( φ2
0

φ+ φ0

)

1

r3
= 0

(2.38)J<"9
2.2 ��������.�����J%&2"²*�{���R\�rgI3"���*&�����%÷	3�Ï
H<39y×H&²����*%&�J���¹²*�I����\Ï
Y"9F�����%

�.�/01*�r"�R\MD�gI3"\&�.�����%�.�/01\�}� 4�R\MD�y<38
;<���D5Y9Ø�������/�D��LW�µ¶Y"9
ν =

Nq2

4πε0m0c2
= Nrc (2.39)ss*&N% 1[m]

2yM�{�C&rc%{�����9����{��R\ n[m−3]
&��

a[m]
�y�&

N = nπa2 D (2.39)
��lY"J

ν =
a2nq2

4ε0m0c2
=
γ

4

a2ω2
p

c2
(2.40)J<"9ss*&ωp =

√

nq2

ε0γm0

%w��J]`C9w��J]`C\µ¶�!"�%���J��Tq» ���÷3I*2"9A�γ\lgI3"�%�R\
γ
×�2��!I��"sJD5Y9ss*%&���o�{�\�I����	
�D��JÃµHI3"9Ø�������/�J��Y"�\&�	�º�0�)J
å!"

IA =
4πε0m0c

3

q
βγ = I0βγ (2.41)*2"9����c&�bD�lY"J I0 =

−17000 A
J<"9(2.41)

J
(2.39)

V 
ν =

Nqc/I0
<�*&�)%

I = qβcN = I0νβ (2.42)J<"9
2.2.1 ���������3

z
?@��zy

B = (0, 0,∞)
���R

n(r)
&�R

β(r)c D���������D��"9zy�R\��X<�*&{���@���TD��<qIL39������� !"#$
Ez = 0

"%&'()*+,-.!/01 N
�

N =

∫ a

0
2πrn(r)dr (2.43)"�.$23 I

�
I =

∫ a

0
2πrn(r)cβ(r)dr (2.44)



"�&'Ez = 0
"���!������

r	
!2���&"$
Er =

q

ε0r

∫ r

0
rn(r)dr, r ≤ a, (2.45)

=
Nq

2πε0r
, r > a (2.46)"�&'2�������! 0

�������&!�$���!��/0!� !"�#�"������!"�#�!$� 0
"%&"$

qφa + (γa − 1)m0c
2 = 0 (2.47)23'()�!�*

n(r)β(r) = naβa$���+!,-
r
!/0!� !"�#��$!"�#�./01�

(γ − 1)m0c
2 = (γa − 1)m0c

2 −
∫ a

r
qErdr (2.48)"�&'(2.45)

"23'()�!23�
(2.48)

�45#�
γ = γa −

q2naβa
ε0m0c2

∫ a

r
dr

1

r

∫ r

0

r1
β(r1)

dr1 (2.49)"�&'������!6�78+&� β(r) = βa"9�:&�*$
γa − γ ≈ ν

(

1 − r2

a2

)

, γa − γ ≪ γ (2.50)"�&'2)�
V = φ = −(γ − 1)m0c

2

q
(2.51)

≈ −β
2m0c

2

2q
(N.R.) (2.52)"�&'(N.R.)

�;<=>?@A
(non relativistic)!B"'������CD"E"!2)F� (γa−

γ0)m0c
2/q = νm0c

2/q
�,&'B�72)�GH�8+�!�$

ν ≪ γ − 1, ν ≪ 1

2
β2(N.R.) (2.53)!�*�,&'ν !IJ"K�$LM!20! N�OP��#PQ'RSTU!VQ�W=!2X!Y-&� 1��/07/Z%&�*$23�[$+�&'

2.2.2 \]^_`abcdefgh
2i!jk�l�mn2op�2�71q��$2op�()nr,-.i = nqβc

!2373���&�* smntuv�wx�yz&'�{|�	}~�
d2φ

dz2
= −nq

ε0
(2.54)"�&'���!!"�#�� (2.51)

V.
γ = 1 − qφ

m0c2
(2.55)�,&'BB�$23�V&���������%&-$E��� (0,0,∞)

���#��&'(2.55)�
z
�

2���#$(2.54)
�45#$B!�!��!��~

i = nqβc
��Q"

d2γ

dz2
=

nq2

ε0m0c2
=

q

ε0m0c3
iγ

√

γ2 − 1
(2.56)"�&'(2.56)

!���
2(dγ/dz)dz

�1q�r�%&"$
dγ

dz
=

√

2qi

ε0m0c3
(γ2 − 1)1/4 (2.57)"�&'BB�$r��1�2o�n z = 0

�
dγ/dz = 0

"�&VQ����'B!23�$z = 0�
γ = 1

�,&B"���#$2�71q��-"N$�n1���( 0
!207��+�&B"��&'(2.57)

�
z = 0

1�r�%&"
iz2 =

ε0m0c
3

2q

(
∫ γ

1

dγ

(γ2 − 1)1/4

)2

(2.58)7���&'(2.58)
��&����r�7���,&'BB��$� ?��&-$r�¡¢�

1
1�

γ1
sB!r�¡¢��

γ = 1 + ε
"� �N&

)
"
γ1
1�

γ
sB!r�¡¢��

γ2 ≫ 1
"� �N&

)
!£i�¤q&'� �����&"$

∫ γ

1

dγ

(γ2 − 1)1/4
≃ 2

3
[2(γ1 − 1)]3/4 + 2(

√
γ −√

γ1)

(2.59)7���&'γ < γ1
!�* s;<=>@Ax$¥�!¦

1 §!97¨P�&'�  γ = 1 + β2

2

�
(2.59)

�45%&"$(2.58)
�

β3 =

(

9q

2ε0m0c3

)

iz2 =
18π

I0
iz2 (2.60)



7���&'B��Child’s law
"�Q'(2.52)

!������
φ
�����N�%"

i

φ3/2
=

4
√

2ε0(−q)3/2
9q
√
m0

1

z2
(2.61)"�&'20!��$2X�45%&"¥��

4
√

2ε0(−q)3/2

9q
√
m0

= −2.33 × 10−6[AV−3/2]
"�&'mn2o!nr�

S
"%&"$mntuv�wp!23�

I = iS
"�.$I/φ3/2

����{��"��'
2.2.3 ��	
�X2/0������2�$��!��V.��#-.��%&'BB��$,- a

!20�1����7)�������N-�*�yz&'2378+q��$�!,-�.��7���'RSTU��$���"W=!2X��i/07)��/Z%&�*$�p2X���� %&2�7)�!��"�+�&��7,&'B�� f
��%'

(2.45)
�
n = N

πa2
(1 − f)

�45%&"$)������C!�p2X�V&E
N!#
qEr =

Nq2

2πa2ε0
r(1 − f) (2.62)7���&'$�$�����V&+
N!#��&'Maxwell	}~V.

∇× B = µ0J (2.63)�,& sBB�$B%����x'L	
!23'(
J = J(r)ẑ

�� %&��% φ&�#1��!�$B = B(r)φ̂
�yz&'��'(�Maxwell	}~��&"

1

r

∂

∂r
[rB(r)] = µ0J(r) (2.64)�,&'r�#$J(r) = N

πa2
qβc
�45#�)*%&"$����%

B(r) =
µ0

r

∫ r

0
r′J(r′)dr′

=
µ0Nqβcr

2πa2
(2.65)

"�&'2X q$�( βc
!/0�=%&�����V&+
N!+�,�-#!.N+% (2.65)

����
β2Nq2r/2πa2ε0

"�&'(2.62)
"/#*¤:&"

r	
!� 	}~%
γm0r̈ =

Nq2r

2πa2ε0
(1 − f − β2)

=
2νr

a2
m0c

2

(

1

γ2
− f

)

(2.66)"�&'
r = a

1���%&/0�i��yz&'r = a"
r′′ = r̈/β2c2

�45%&"$
aa′′ =

2ν

β2γ

(

1

γ2
− f

)

= K (2.67)"�&'BB�$K%)01+�-���{��'
f < 1/γ2 !2%���7l7.$f > 1/γ2 �%���%�� s3�4x%&'ν5IA

�6�&"
K%

K =
2ν

β2γ

(

1

γ2
− f

)

=
2I

β2IA

(

1

γ2
− f

)

=
2I

β3γI0

(

1

γ2
− f

)

=

{

2ν
β2γ3 when f=0

−2ν
γ when f=1

(2.68)"�&'
 0

 1

 2

 0  1  2

R

Z

dR0/dZ=0.0

-0.5

-0.75

-1.0

-1.5-2.07
2.3: 89:;<=>?@:ABCDEFGHIEJKLMN

dR0/dZ < 0OPQRSTUBCDVLMW@OSXOYFGW@HZ[O\Q89:;<=E]^_W@[`EBCDabcde@Hfghij\k[` lK > 0mc



yz&'z = 0
s
t = 0

x�!�����,-� a0"#$�1��
R =

a

a0
(2.69)

Z =
√

2K
z

a0
(2.70)��Q"$(2.67)%

d2R

dZ2
=

1

2R
(2.71)

(2.71)
�1�?��&"$��� dR0/dZ

!��=#�$R�Z
!�1"#��&B"7�N&'

R0 = 1
�=#�1�?��-!7�

2.3
�,&'�|�w1�m���� sdR0/dZ=0
x���N-"N$���%�p2X���V.l7���&B"7¤1&'+��$�������	#�
z-2 s

dR0/dZ < 0
x$)�,-%8+&�&7%���p2X#�l7��#PQB"7¤1&'

2.2.4 ��]^_`a���g�B�P�$E����yz&�*�%��!�+�jk."��#�N-!�$���%,- 0!��� �#��-'BB�%$��!�+7�k!�*�yz&'-�#S���������#$��( θ̇
7)�!;<=>?������yz&'�D#$�p2X#$E����V&+�,�-#7i.,�$r	
�%J�+���"�Q!7�����!� �,&'

m0
r2θ̇2

r
+
nq2r

2ε0
+ qBzrθ̇ = 0 (2.72)

(2.10)
"

(2.40)
����

(2.72)
��N�%"

θ̇2 +
1

2
ω2
p − 2θ̇ΩL = 0 (2.73)"�&'!�������!��(%

θ̇ = ΩL ±
√

Ω2
L − 1

2
ω2
p (2.74)"�&'Ω2

L > ω2
p/w
!2$�����!��(%

2"#,.$Ω2
L < ω2

p/w
!2�%�����"#�!m$�%%/Z#��'ΩL = ωp/

√
2
!�*

�& '�{�3"�($�����!��(% 1"#!9�,&'&'�{�3!23�)!�S*�+���%"
Ω2
L =

ω2
c

4
=
ω2
p

2
=

2νc2

a2
(2.75)"�&'s2.3)$s2.6) "ΩL

!��~ s
2.10)

V.
θ̇ = ΩL

(

1 − Ψ0

Ψ

)

(2.76)7���&'(2.76)
"

(2.74)
�G,%&"$

Ψ0 = ∓Ψ

√

1 −
ω2
p

2Ω2
L

=
2πPθ
q

(2.77)"�&'2i!-.�% (2.9)
�6�-'$�20!

z 	
!�(�/��&',- r�!!"�#�� γ$r = 0
�!!"�#�� γ0"%&"$(2.50)

V.
γ− γ0 = νr2/a2 "�&';<=>?23�$�|�w1�m����7��&&"N$

1

2
(β2
z + β2

θ − β2
z0) = ν

r2

a2
(2.78)"�&'βz0 % r = 0

�!/0!
z 	
011�($βz$βθ % r

�!/0!
z$θ 	
!011�(��%'βθ = rθ̇/c

"
ν = a2ω2

p/4c
2[(2.40)

V.
]�45%&"$(2.78)%

β2
z − β2

z0 =
r2

2c2
(ω2
p − 2θ̇2) (2.79)"�&'ω2

p = 2θ̇2��q��$z	
!�(�2S-!7,&B"��&'(2.74)
"3GH&"$&'�{�3!2374-+�&"N$z 	
!�(7)��2S-!7�&�&B"7¤1&';<=>?&'�{�3!23�%$X2/01'("K�Iz5q&¤q�%��'"�Q!%$& '�{�3!23 s

2.75
x%RSTU671�8/%&!�$X2/01'(�I5%"RSTU67179&�.��(7IJ%&'θ 	
!�(I�:�$z	
!�(;"�&!�$<�?�23�;�%��7=&B"��&'X2/01!IJ�V&23I"$z 	
!�(!;>�V&23;!2S����.23�7�P&'



φa
����!��!������"��%&"$

(2.47)$(2.36)$(2.75)
V.;<=>?���!�*�%$

φa
φ0

=
1

2
(β2
z + β2

θa) =
1

2

(

β2
z +

a2Ω2
L

c2

)

=
1

2
(β2
z + 2ν) (2.80)"�&'z 	
!�(%
βz =

√

2φa
φ0

− 2ν (2.81)"�&'23%
I = qβcN = I0νβz

= I0ν

√

2

φ0

√

φa − φ0ν (2.82)�,&'(2.82)
�
ν
���%&"

ν = 2φa/3φ0
!2237�."�&'(2.82)

�45%&"$�.23
I =

16πε0

3
√

6q
√
m0

(−qφa)3/2

I

(φa)3/2
= −25.4 × 10−6[AV−3/2] (

20x
(2.83)7���&'

2.3 ���������	
	�S�������%�%��1���$u*���u���!9�F%&7$��.N+7,&";S������"�&'B!��%$!��+��!����5%&��!,&;S��������Q'
2.3.1 Courant Snyder ��6�?��	#!,&��i��yz&'x, y	
!� 	}~%$6�?��	#��%�1�
κ(s)

"#�
x′′ + κx(s)x = 0 (2.84)

y′′ + κy(s)y = 0 (2.85)

"�&'BB�$s% z
V.)0?��1�$���!��	
��������%'�
2��7/Z%&��J���  6�N&�1�,&'BB�%$RSu�% s
!����%'κx,y(s)%

κx,y(s+ S) = κx,y(s) (2.86)�4-%'S%6�?��	#! 1
6���%'!Yo,�T�����&"N��$x "y 	
!�	#7"�&-$#��$.� Q��7,&7$%%�!��R'�&7���*$'(�>7 6�N&!�$)*% x	
!� !9�yz$κx(s) = κ(s)

"%&'+�
2
$!��	}~ (2.84)

!�%$���
(x0, x

′
0)
7�P�����&'!��$�� s

�%q&�%
x(s) = ax0 + bx′0 (2.87)

x′(s) = cx0 + dx′0 (2.88)"�&'�,~��%"
X(s) =

(

x(s)

x′(s)

)

= M̃ (s|s0)X(s0)

=

(

a b

c d

)(

x(s0)

x′(s0)

)

(2.89)"�&'/0� 7-��,&-�%$x(s)7����uRV..�8+���7,&'B!23%$/0�, [M̃(s|s0)]N
7����uR��%12�V. 8+q��4-+�&'B!-�� !23��&-$3��	}~

M̃X = λX (2.90)��&'B!~%45��X
!.N+�q��z&	}~�$

ax0 + bx′0 = λx0 (2.91)

cx0 + dx′0 = λx′0 (2.92)"�.$
λ2 − λ(a+ d) + (ad− bc) = 0 (2.93)�4-%��7,&'



$�$/0�, M̃
!

determinant
7.�

1
"�&B"��%-�+��!{� s

Wronskian
x�yz&

[17]'(2.84)
!

2i!�� u(s)$v(s) "%&"$+��!{�%
W (s) =

∣

∣

∣

∣

∣

u(s) v(s)

u′(s) v′(s)

∣

∣

∣

∣

∣

= u(s)v′(s) − v(s)u′(s)

(2.94)���+�&'W (s)
�
s
���#$(2.84)

�6�&"
dW (s)

ds
= u(s)v′′(s) − v(s)u′′(s) = 0 (2.95)"�&'iP.$(2.84)

74-+���&"N$
W (s)% s

�8����1�,&'(2.84)
!�"#�

Cu(s),Cv(s)
s
C%�1x ,&!�$W (s)!������&B"7�N&'/07

s1
1�

s2�� #-"N�$(2.84)
!�

u(s1)$v(s1)%���� u(s2)$v(s2)�� %&'B!� �/0�,
M̃
�6���%"

(

u(s2) v(s2)

u′(s2) v′(s2)

)

= M̃

(

u(s1) v(s1)

u′(s1) v′(s1)

)

(2.96)"�&'(2.96)
!��!

determinant%$¥�!
determinant

!r�-#�!�$
W (s2) = det(M̃ )W (s1) (2.97)"�&'W (s)%)��!� W (s2) = W (s1)

�,.$
det(M̃) = 1 (2.98)"�&'(2.98)

7&.�i!%$(2.84)
7&.�i�*!9�,&B"���%&'

(2.98)
1�$(2.93)%

λ2 − λ(a+ d) + 1 = 0 (2.99)"�&'BB�$�S*�+� σ
�$!VQ���%&'

cosσ =
1

2
(a+ d) =

1

2
TrM̃ (2.100)

(2.99)
!�%
λ1 = eiσ, λ2 = e−iσ (2.101)

"�&'Tr M̃ < 2
!2

σ%�1$Tr M̃ > 2
!2

σ%�1	%
�1"�&'/0�,
M̃
�
σ
�6���%-�$�S*�+� α̂$β̂$γ̂ �$!VQ��5%&'

a− d = 2α̂ sinσ (2.102)

b = β̂ sinσ (2.103)

c = −γ̂ sinσ (2.104)/0�,
M̃ %

M̃ =

(

cos σ + α̂ sinσ β̂ sinσ

−γ̂ sinσ cos σ − α̂ sinσ

)

(2.105)"�&'(2.105)
��N�z&"

M̃ = Ĩ cos σ + J̃ sinσ (2.106)"�&'BB�$
Ĩ =

(

1 0

0 1

)

, J̃ =

(

α̂ β̂

−γ̂ −α̂

)

(2.107)���-'det M̃ = 1
�!�$

β̂γ̂ − α̂2 = 1 (2.108)"�&'Ĩ2 = Ĩ$J̃2 = −Ĩ
�!�$(2.106)% eiσ =

cos σ + i sin σ
"'�!����i'!��$

M̃N = (Ĩ cosσ + J̃ sinσ)N

= Ĩ cosNσ + J̃ sinNσ (2.109)"�&'N 6�!�	�����&/0� %$
σ
7�1!2!9-��,&'(2.100)

��Q"
|TrM̃ | = |a+ d| < 2 (2.110)7-�23"�&'α̂$β̂$̂γ%Twiss

�S*�+�"���$�� β̂%4�+�1�Q'
(2.90)

!3�� λ1[(2.101)��]
�=%&3���

u(s)
"%&"$1

6��!)�%
u(s+ S) = eiσu(s) (2.111)"�&'u(s)�6��1Z(s+S) = Z(s)

�6��
u(s) = eiσs/SZ(s) (2.112)



"%&B"7�N&'BB�$
Z(s) = |Z(s)|eiφ(s) = ω(s)eiφ̂(s) (2.113)"%&"$(2.112)%

u(s) = ω(s)eiψ(s), ψ(s) = σ
s

S
+ φ̂(s) (2.114)"1q&'φ̂(s+ S) = φ̂(s) + 2πn
�,.$1

6�!)<�9%∆ψ = σ+ 2πn
�,&'(2.114)

!
�K�%3�� λ2 = λ∗1
!3���,.$

v(s) = ω(s)e−iψ(s) (2.115)"�&'
(2.84)

!���% (2.114)
"

(2.115)
!+�<*�V���+�$

x(s) = Aω(s) cos[ψ(s) + ψ0] (2.116)"1q&'BB�$A "ψ0%�1�,&'A = 1!2$ω(s)%���!�4+�R��%'x�s���%&"$
x′(s) = Aω′ cos(ψ + ψ0) −Aωψ′ sin(ψ + ψ0)

(2.117)"�&'(2.117))*$ψ,ω,x
7
s
!�1�,&B"�,1�+P��#����*7,&7$~7*&�.%�&!��Q-�$�B%�9$���N-�'x′ �s

���%&"
x′′(s) = A(ω′′ − ωψ′2) cos(ψ + ψ0)

−A(2ω′ψ′ + ωψ′′) sin(ψ + ψ0)

(2.118)"�&'(2.116)
"

(2.118)
�

(2.84)
�45%&"$

(ω′′ − ψ′2ω + κω) cos(ψ + ψ0)

−(2ω′ψ′ + ωψ′′) sin(ψ + ψ0) = 0

(2.119)"�&'(2.119)
7��!

ψ0
�i��&.�i231�$

ω′′ − ψ′2ω + κω = 0 (2.120)

2ω′ψ′ + ωψ′′ = 0 (2.121)

7���&'(2.121)
�r�#�

ω(s)2ψ′(s) = C (2.122)7&.�i'BB�C%�1�$�����B"7�N&'(2.114)
��1�1q-�!�

(2.84)
!��,&-�,&'C = 1

"%&"
(2.128)

��+�&VQ�
ω(s)

74�+�1"�&'(2.122)�
(2.120)

�45%&"
ω′′ + κω − 1

ω3
= 0 (2.123)7���&'

s
1�

1
6��!

s+S
�%q&'(%$(2.116)V.

x(s+ S) = Aω(s) cos[ψ(s) + σ + ψ0]

= Aω(s) cos[ψ(s) + ψ0] cos σ

−Aω(s) sin[ψ(s) + ψ0] sin σ

(2.124)"�&'(2.124)
���%&"

x′(s+ S) = Aω′(s) cos[ψ(s) + ψ0] cos σ

−Aω(s)ψ′(s) sin[ψ(s) + ψ0] cos σ

−Aω′(s) sin[ψ(s) + ψ0] sinσ

−Aω(s)ψ′(s) cos[ψ(s) + ψ0] sinσ

(2.125)"�&'(2.116)
"

(2.117)
7
X(s)

��#$(2.124)"
(2.125)

7
X(s+ S)

��%'B! 2i!45���<�/0�,
M̂
�)*%&"

M̂ =

(

cosσ − ω′

ωψ′ sinσ sinσ
ψ′

−
(

ψ′ + 1
ψ′

)

sinσ cos σ + ω′

ωψ′ sinσ

)

(2.126)"�&'(2.126)% (2.105)
��+�&/0�,

M̃"'(�!�$
α̂ = − ω′

ωψ′ = −ωω′ (2.127)

β̂ =
1

ψ′ = ω2 (2.128)

γ̂ = ψ′ +
1

ψ′ = ω2 +
1

ω2
(2.129)



"�&'BB�$(2.122)
�
C = 1

"K���-'
(2.116)

"
(2.117)

1����1!�����#$
(2.122)

�6�&"
x2

ω2
+ (ωx′ − ω′x)2 = A2 (2.130)"�&'(2.130)% (2.127)$(2.128)$(2.129)

�6��
γ̂x2 + 2α̂xx′ + β̂x′2 = A2 (2.131)"�&'(2.131)%����%~�,.$��5�N% α̂$β̂��P&'α̂ "β̂% ω(s)

"
ω′(s)

��P.$ω(s)% (2.123)
�!QB"1�$��!/0�=#�K!���i')	$��!.N+����&

A%/0�V��"�������¤��''(A
��i7"�&��� ψ0

��i/0%$��'(��(2.131)
��+�&'��!���%$'(�����$"�&.N+��i��!Y�*¤:���%&B"7�N&'�.! A�

A0
"%&"$��!/0%nr A2

0π
!��+��/Z%&'��!nr!�~V.$(2.131)

!nr%
πA2(β̂γ̂ − α̂2) = πA2 (2.132)��+�&'BB�$(2.108)

�6�-'A = A0!nr�
A2

0π = ǫxπ (2.133)"��#$ǫx �!��+��"��'(2.131)
�

A = A0
�45#$(2.133)

��Q"$
γ̂x2 + 2α̂xx′ + β̂x′2 = ǫx (2.134)"�&'(2.134)

��+�&���
α < 0

�=#��
2.4
��%'α > 0

!�*%$*L"	L!�
7��%&'(2.134)
1�$,&x′!��=#� x%"�&2i!����$.N�	%

x =
−α̂x′ +

√

γ̂ǫx − x′2

γ̂
(2.135)"�&'¥��x′

���%&"
x′ =

√

α̂2ǫx/β̂
!2�$x7�.

xm(s) =

√

ǫxβ̂(s) =
√
ǫxω(s) (2.136)

xxmax=  βε

x’
x’max=  γε

beam
centroid

�
2.4: (2.131)

���+�&)<�p��'"�&B"7¤1&'(2.136)
�

(2.123)
�45%&"$���!�4+�R!~

x′′m + κxm − ǫ2x
x3
m

= 0 (2.137)7���&'�p2X����%
(2.67)

"!��+��!����%
(2.137)

��L���	}~ (2.34)
�Jz$���!!�4+�R	}~��&"$

a′′ +
γ′a′

β2γ
+

(

γ′′

2β2γ
+

Ω2
L

β2c2

)

a

−
(

Pθ
βγm0c

)2 1

a3
− K

a
+ κa− ǫ2n

a3γ2β2
= 0

(2.138)"�&'BB�$���!"�#��011+�-!��+��
ǫn = βγǫ (2.139)���#-'γ = 1/
√

1 − β2%+�,�- 0'
(2.116) % (2.114)

"
(2.115)

!+�<*��+�&!�$��!)� s1
1�

s2 �!/0�,
M̃(s2|s1) % (2.96)

1��1�&'(2.96)
�

(2.114)$(2.115)
�45#$¥�!£i!�,!



��,����1q&"$M̃ !�,��
m11 =

ω2

ω1
cosψ12 − ω2ω

′
1 sinψ12

m12 = ω1ω2 sinψ12

m21 = −1 + ω1ω2ω
′
1ω

′
2

ω1ω2
sinψ12

−
(

ω′
1

ω2
− ω′

2

ω1

)

cosψ12

m22 =
ω1

ω2
cosψ12 + ω1ω

′
2 sinψ12

(2.140)7���&'BB�$ω1 = ω(s1)$ω2 = ω(s2)$
ψ12 = ψ(s2) − ψ(s1)

"#-'s2 − s1 = S
!2$

ω2 = ω1$ω′
2 = ω′

1
$ψ12 = σ

"�.$(2.140)%
(2.126)

"-#&�&'(2.122)
V.)<%

ψ(s) =

∫ s

s0

ds

ω2(s)
=

∫ s

s0

ds

β̂
(2.141)"�&'1

"�,-.!)<!�9
(phase advance)%

σ =

∫ s+S

s

ds

ω2(s)
=

∫ s+S

s

ds

β̂
(2.142)"�&'��J��!6*�C

"%&"$1
6,-.!4�+�+�!� �1��%4���"���&�7

ν =
1

2π

∫ s+C

s

ds

β̂
(2.143)���+�&'

2.3.2 rms ��������!����� Q"N$���!�4+�R!!��+���%�&$rms
!��+��

ǫ̃x =
√

〈x2〉〈x′2〉 − 〈xx′〉2 (2.144)�6�&B"7	�'�B�$ǫ̃x "ǫx!�
��&'BB�$/0�/ f(x, y, x′, y′)
�6�&"

〈x2〉%
〈x2〉 =

∫ ∫ ∫ ∫

x2f(x, y, x′, y′)dxdydx′dy′
∫ ∫ ∫ ∫

f(x, y, x′, y′)dxdydx′dy′

(2.145)

���+�&'x 	
�
�#-/0!)<�p�/% (2.134)
!��+�)�"��%&',&x!��=#� −α̂x−

√
β̂ǫx−x2

β̂
≤ x′ ≤ −α̂x+

√
β̂ǫx−x2

β̂"�&B"�6�&"
〈x2〉 =

2
∫ (β̂ǫx)1/2

−(β̂ǫx)1/2
x2 (β̂ǫx−x2)1/2

β̂
dx

2
∫ (β̂ǫx)1/2

−(β̂ǫx)1/2

(β̂ǫx−x2)1/2

β̂
dx

=
β̂ǫx
4

(2.146)"�&'〈x′2〉
�i���'��$

〈x′2〉 =
2
∫ (γ̂ǫx)1/2

−(γ̂ǫx)1/2 x
′2 (γ̂ǫx−x′2)1/2

γ̂ dx′

2
∫ (γ̂ǫx)1/2

−(γ̂ǫx)1/2

(γ̂ǫx−x2)1/2

γ̂ dx
=
γ̂ǫx
4

(2.147)"�.$〈xx′〉%
〈xx′〉 =

∫ (β̂ǫx)1/2

−(β̂ǫx)1/2
x
∫

−α̂x+(β̂ǫx−x2)1/2

β̂

−α̂x−(β̂ǫx−x2)1/2

β̂

x′dx′

2
∫ (β̂ǫx)1/2

−(β̂ǫx)1/2

(β̂ǫx−x2)1/2

β̂
dx

= − α̂ǫx
4

(2.148)"�&'(2.146)$(2.147)$(2.148)
�

(2.144)
�45%&"$

ǫ̃x =
ǫx
4

(2.149)7���&'!��+�� ǫx = 1πmm-mrad%$
rms
!��+�� ǫx = 1 mm-mrad

"��-�,&B"7¤1&'
2.4 �����������p2X��#7�&!��+��7��?�����i��$w'���p���!)<�p�/�1��

2.5
��%'w'���p� s�+x� s�+x�$x′%./+�$x!9�1#��&'�

2.6
!VQ�202�4���.��Su�#��$��Su�%'()<�p�/�1��%'"B�7$�p2X��7��?��&93�523��i202�4�%��7"�&'202�4!2pR+��u�7���7�!�*$��Su�!23'(7"�.$)<�pM�"�&2p����%

[22]'



x

x’

�
2.5:

!��+��7��?����!w'���p� s�+x� s�+x�!)<�p�/
bunch slice

ζ�
2.6:

202�4!2pR+��u����.�#-202�4�Su�'2�4+�!'( ζ
�8/#�23'(7"�.$�p2X#7 ζ

�8/%&'�p2X#7��?�20���!	}~%$
(2.66)

�
r′′ = r̈/β2c2$(2.42)$f = 0

�45#�
r′′ =

2I(ζ)

I0β3γ3a2
r (2.150)"�P&'BB�$I(ζ)%202�4+!'( ζ�V.237"�&B"��% s�

2.6��x'�(!-��p2X#%20���!��	
'(
z
�V��)�"#$��'( r0

"
I(ζ)

��P&"��%&'(2.150)% r
�G�%&!�$+��p2X#�,&'B!��%���/0C��!�uT7.N&�1#�q��&.�i'P-$�(!-���m�20��� s

r′0 = 0
x���%&'B��!��!��$z�!�� r′
"'(

r
��&"$
r′ = λs(ζ)r0z, r = r0 +

λs(ζ)

2
r0z

2 (2.151)

r

r’

bunch slice

ζ

initial

�
2.7:

202�4�Su�!2p��'�����
r′0 = 0

���%&"$�p2X#�V.202�4%��%& s� 2.3��x''(2�4�Su�+!20%)<�p+�'(�+M��&7$"�&�Su�%%%��"�&2p����%'�p2X#!F7� �,&'"�&'BB�$�p2X#��%�1
λs(ζ) =

2I(ζ)

I0β3γ3a2
(2.152)���#-'(2.151)

1�
r′

r
=

λs(ζ)z

1 + λs(ζ)
2 z2

(2.153)"�&'(2.153)% r0
�8/#��B"1�$)<�pM�R+��%&"+���& s�2.7��)'

(2.153)% I(ζ)
��#�(�IJ�1�,.$I(ζ)7.N�}$�	��N��&'(2.151)

V.
I(ζ)7.N�}$l����-��&'� 2.6

!2�4�Su��i��yz&"$� 2.7
!VQ�2p����%'"�&23'(��i�Su�%$)<�pM�"�&2p����%'�

2.7
�%$������ 0

"��#��&!�$��!��+��7 0
�,&B"���%&'w'���p�����!)<�p�/7+�M��&B"%$�Su�!��+��7 0

!PP./+���&B"��%'"B�7$202�4����%
�!��+��%Iz-VQ�3z&')*$������k.$!��+��%
�!��+��!B"��%'(2.150)
��%+��p2X#�V.31qMIz-
�!��+



��%$20��3���#-|,�uw���������N& s�
2.8��x'

e-bunch

cathode

anode

solenoid

slit for emittance
measurement

z0 z1 z2

E-gun

Ls�
2.8:

20�1�!���!!��+����'{��w�3�� z1
���#-|,�uw��!���(���%&B"�$z2)��!!��+����7���N&'|,�uw��%�����!Yo,�T!VQ�$����=#�������6��iB"7	����&'
�%�����!�����+�-�

[20]'��,�T� !��$'(�G�#-�����#�����
z&B"7�N&'|,�uw5��!)�$���� rin,r
′
in"#���!)�$���� rout,r

′
out
"%&"

r′out = r′in −
rin
f
, rout = rin (2.154)"�&'BB�$

1

f
=

1

4

(

e

p

)2

B2
sLs (2.155)�,&

[23]'|,�uw%*+Ls
����)����(

Bs
��i"#$���R!��� "%&'

p%���!� ���%'B!|,�uw���V.$202�4%)���z�����7�1%&!�5��q&'�2.9
��%VQ�$)<�p+� r

�G�#-!�5�
z��$��	
�W�%&'|,�uw�!w'���p�$"�&2�4�Su�%%%�7Y�.,QVQ������&'M��H-B"�V.��?��>%&'|,�uw!)��{��w�31� z1
"%&"$

r

r’

�
2.9:

|,�uw������6�V&)<�p+�!2�4�Su�!��W�'(2.154)
��%VQ�$ �������#�
z�5��$)<�p+�2�4�Su����	
�W�+:&B"7�N&'B!#%,- r

�G�#��&'"�&2�4�Su�!)<�p�/��%+�%$|,�uw�!w'���p�57�%%�7Y�.,Q'31qMl7�-!��+��7���&'
(2.151)

V.
r′in = λs(ζ)r0z1, rin = r0 +

λs(ζ)

2
r0z

2
1 (2.156)"�&'(2.156)

�
(2.154)

�45#$+��|,�uw�!w'���pC!'( z
�

r′(z) = r′out +

∫ z

z1

λs(ζ)r0dz

r(z) = rout +

∫ z

z1

r′(z)dz (2.157)"�&B"1�$!��+������Q)� z2�%
r′(z2) = r0

(

λs(ζ)z2 −
1 + λs(ζ)

2 z2
1

f

)

r(z2) = r0

[

1 +
λs(ζ)

2
z2
2

−1 + λs(ζ)
2 z2

1

f
(z2 − z1)

]

(2.158)"�&'r′(z2)/r(z2)7 λs(ζ)
�8��)�"�&���(�|,�uw�
z-"N$��Su�!��+����%+�%$')�+M��&'



iP.$
�!��+��%�8!�"�.$!��+����7��+�&B"��&'�B�$
r′(z2)/r(z2)

�"�&23���%
ζ1$ζ2 �=#��$�!F�)*%&"

r′(z2, ζ2)

r(z2, ζ2)
− r′(z2, ζ1)

r(z2, ζ1)

=
λs(ζ2)z2 −

1+
λs(ζ2)

2
z21

f

1 + λs(ζ2)
2 z2

2 − 1+
λs(ζ2)

2
z21

f (z2 − z1)

−
λs(ζ1)z2 − 1+

λs(ζ1)
2

z21
f

1 + λs(ζ1)
2 z2

2 − 1+
λs(ζ1)

2
z21

f (z2 − z1)

(2.159)"�&'(2.159)
!¥�!�07�+��&23��&"

[λs(ζ2) − λs(ζ1)]

(

z2 −
(z2 − z1)

2

2f

)

= 0 (2.160)"�&'(2.160)
1�
f =

(z2 − z1)
2

2z2
(2.161)"�&VQ�|,�uw��!����%&"$

r′(z2)/r(z2)
!�7

ζ
�8���-#&�.$)�

z2
�%��!��+����7��+�&B"��&'(2.161)

�
(2.158)

�45%&"
r′(z2)

r(z2)
=

2z2
z2
2 − z2

1

(2.162)"�.$ζ �8/#��'!��+����7��+�&)<�p+�!202�4!�N%$.���|,�uw)�"!��+����)�!�1�,&B"7¤1&'BB�%$��202�4!��7�+$202�4,-7�.�1#��B"$���&i1!�������&'V.)0?��*$;+���7,&�*!!��+��I.�i��%��
[22, 24]

���+�-�'Parmela
-�)*��w�	
���+��������������������

[19]��� [25, 26] !"#$%&�' RF()*+�,"-./�&�'�01�2.34"5678�9��:;<=

��>?��@A BC"#56DERFF �&�'�01�2.34"GHI�JK�7LM�NO";PQ!" [1, 27]#RFF.R"�>?��@A/�*6$SM.R"@A�TU�VWX1YZF�[\�]^_"C� Q`"#abc��������de��f`�\
[19]#

3 ghijkl�
OHO

�mn�o.$%pq�rsctuv�wu=xPy�\"#CyPzmn�o[28,

24]{/�.�ERL
$%|.}~!"/z�������;Pz$%pq��>?������;Pz$%pq��>?��.�\���.��"#

3.1 ��� ����������z��c�� ��Q!" �����<Q4����{���������� ¡.&¢£¤z¥ ¦§ ÿ"©ª«�� ¬dispenser cath-

ode�X® FEL
[z�¯V°Y���[\Py�\"CeB6�LaB6

��
[13] ±�U²4?1³ !" [28]#´ 3.1

cµ%M¶·
FEL�¸AFEL¹

(FELI)±Qº[¨y�\"dispenser cathode
Q!"#

3.1.1 »¼½¾¿´
3.2
.9_RÀ.���ÁzÂÃ$% ÄÅ.Æ��−wzÇÈ�ÉÊË°{§Ì�0K

zÍÎÊÏÇ
µ0
cÄÅRu/φÐ\Ñm�ÒÓÊQ!"�_" [29, 28]#$%cÍÎÊÔÕ.ÖÀzQ�×ØQcÄÅRu×\�ÉÊË°{§�$%/EÙ_"#CzRÀ4$%c�� ¡;PÄÅ.q��"C� Q`�“

�¯V°Y”
���$%|.	Úy"#CCQc�ØÛ T

zFÜz�$%pq$Ý{Þß"#
ε
�
ε+ ∆ε

z6.�ÉÊË°ÏÇ{/�à%áâzã{D(ε)∆ε
�B`�εzà%zEÙäå{

f(ε)
�_"���ÉÊË° ε < E

z��Á$%



´
3.1:

©ª«�� ¬
dispenser cathode#Y646B

EIMAC��#Á�z���z��c 8mm#�>Ò�áz�¢>Y$� ���¡;P0.1 mm
z�.	È ÿ�\"#�¢>Yz$ÇcÄ
�T�#

metal

vacuum

φ

µ0
ω

´
3.2:

��ÁzÂÃ$%zÄÅ�z�pq#ãc
N =

∫ E

0
f(ε)D(ε)dε (3.1)�4"#CCQD(ε)

cáâÛ#$%cÍÎÊà%4zQ�EÙäåcÍÎÊÔÕ
f(ε) =

1

e(ε−µ)/kT + 1
(3.2).ÖÀ#εc$%z���ÉÊË°�µcØÛT
QzÍÎÊÏÇ#kT ≪ µ0

z5c
µ ≈ µ0

�4"#$%z�ÉÊË° ε
QzáâÛc

D(ε) =
2

h3

d

dε

[

∫ ∞

−∞
dpx

∫ ∞

−∞
dx

∫ ∞

−∞
dpy

×
∫ ∞

−∞
dy

∫ ∞

−∞
dpz

∫ ∞

−∞
dz
]

(3.3)

Q!"#CCQ�ε = (p2
x + p2

y + p2
z)/2m#�% 2c$%���.R"#(3.3) { (3.1)
.��_"�

N =
2

h3

∫ ∞

−∞
dpx

∫ ∞

−∞
dx

∫ ∞

−∞
dpy

∫ ∞

−∞
dy

×
∫ ∞

−∞
dpz

∫ ∞

−∞
dz

1

e(ε−µ)/kT + 1
(3.4)�4"#CCQ�εc 0 ≤ ε ≤ E {��_# ¡;P�¨

dz
z$% ∆t

56�. ¡.�_".c�pz

m∆t ≥ dz {��_�� !"# ¡.��_"$%.Æ_"�dz .}_"�Ô��c
0
;P pz

m∆t
�4"#x �yHIz�Ô��{0

;P
∆x�0

;P
∆y
�����Ç56��Ç¡�!�u.� ¡.��_"$%ã

N

∆t∆x∆y
=

2

h3

∫ ∫ ∫

pz
m

1

e(ε−µ)/kT + 1
dpxdpydpz

(3.5) Þ�"# ¡.����$%zÀÌ�� Ru/×\���ÉÊË°{ z
HI.§�$%z! "*Á.q��"#Ö#� p2z
2m > w {��_$%z! pq$%�4"#E → ∞ �_"���Ç56��Ç¡�!�u.pq¨y"$%ã Nrad

c
Nrad =

2

h3

∫ ∞

√
2mw

dpz
pz
m

∫ ∞

−∞
dpx

×
∫ ∞

−∞
dpy

1

e(ε−µ)/kT + 1
(3.6)�4"#p2

x + p2
y = p′2

�B\��(3.6) {$`�_�
Nrad =

2

h3

∫ ∞

√
2mw

dpz
pz
m

×
∫ ∞

0
2πp′dp′

1

e(
p2
z+p′2

2m
−µ)/kT + 1

(3.7)

=
4π

h3

∫ ∞

√
2mw

dpzpz ln
[

1 + e(µ−
p2
z

2m
)/kT

]

=
4πmkT

h3

∫ ∞

w
dεz ln

[

1 + e(µ−εz)/kT
]

(3.8)�4"#CCQ�µ(T ) ≈ µ0�εz = p2
z/2m#���z�%ØÛc×��/

3000K &Û!u�kT =

0.26eV&Û.�;4P4\#'H���z()}ãc
eV&Û*=!"zQ�w − µ0 = φ ≫ kT  



�u�Ì
e(µ−εz)/kT ≪ 1

�4"#(3.7)
z��Ô}ãc

ln[1+e(µ−εz)/kT ] ≈ e(µ−εz)/kT ���Q`"#
(3.8)

c
Nrad =

4πm(kT )2

h3
e(µ−w)/kT

=
4πm(kT )2

h3
e−φ/kT (3.9)�4u��Ç¡���uz�$%pq$Ýc

I =
4πmek2

h3
T 2e−φ/kT (3.10)�4 "#CCQ�4πmek2/h3 = 1.20 ×

106[Am−2K−2]#
3.1.2 Shottky���A$Ý� ¯V°Y$�zØÛQ	�u�
(3.10)

Q ¨y"FÜ�ØÛ
�����#ØÛ
��Qc���¡.$� (Ú"�$Ý @(_"#Cz��{Shottky����� [28]#
z

A

φ

µ0
ω

BCEF
φ’

´
3.3: �($Å.R"��¡zÑm�ÒÓÊ��#�® A

c�®�B
c�>Ò��®�C

c�®#�$%pq.��_$�z��{�O"�ß���¡��zÑm�ÒÓÊ{�O"#��;Pz$%pq.Ru��� ¬��¡z�Æ .!"$S{#�"#pq$%�!"$S�z6.c�P�$°%�M.R"Ñm�ÒÓÊc
− 1

4πε0

∫ ∞

z

e2

(2z′)2
dz′ = − e2

16πε

1

z
(3.11)�4"#zc$%���¡�z&'�ε0c"*z($å#Cz5�Ñm�ÒÓÊc´ 3.3

z�® A�4"#¨P.��® B
Q ) ÿ"�($�.
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∞
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∞
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Qc��Ô}ãzÔ� 1
.4"#Ö#��εz + ε′ − µ < 0
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4.2: JLab FEL
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Cockcroft-Walton
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5.1 Cockcroft-Walton "#z
5.2
�{�$J6�%-&j�N' !0

$�%J��()*+,-�
0V
N' !0’ .0

$/01%234
0’
$5%0

0
$56�78*

U0
$9:3;<=>�1?8*@ !0′

$5%A
0
�
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5.1: ERL

5CD
Cockcroft-Walton EFGHI JKLM5%
250kV 500kV5&
50 mA 100 mANOP=Q
20 kHz 40 kHzRSTSUVW
8.4 nF 16.8 nFXQ
6 12

LC filter YLf 1.2 H 1.2 H

LC filter YCf 1.4 nF 1.4 nFZ[\] _̂`a
1.3 × 10−4 0.7 × 10−4Z[\] b̂ca
1.9 × 10−4

d
5.1: 250kV

4
40mA Cockcroft-Walton

5e78*4
U0V

�fgh.i40′ → 1′ → 0
$ji�5&A&)

C1′
Ak5() !1′

$5%0lmnop/$56 0.6Vqrs�)t 0 .u563',4
0′
$56�78* −U0V .f !0′

$5%A
0
�78*4−U0V

�fgh.i40 → 1 → 1′
$ji�5&A&)

C1
Ak5() !1

$5%0lmnop/$56 0.6V qrs�)t 1′ .u563' !C1′vw5xqy,z(f{)t41′
$560

0′
�78* −U0V

�|h)*+,4
0
�78*−2U0V .@}~.�f !�5%�&EFq�X����� ~.345�

n
�

−nU0
$5%qH�(� ~.A3i !1%2$J�$

1
Um�]K���0d

5.2 �$�}�
C1′
4
C1
0k5()*@ !�$�Um�



1’ [0] 1

0 [0]

C1’ C1

S1

S1’

0’ [U0]

0’>0

1’ [-2U0] 1 [-2U0]

0 [0]

C1’ C1

S1

S1’

0’ [-U0]

0’<0
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�5%�&EF]3
0′
$5%A

0
�78*

U0V
�fgh.i4�5%�&EFq 2

X��8hh�$qd 5.3
���!1

$56A −2U0V
4

1′
$56A

0V
3' ~.vw1′ → 2′ → 1

$ji�5&A&)4
C2′
0

−2U0V
3k5() !(w��$�Um�]qd

5.4
���!0′,1′,2′,1

$560
0
�78*�)�)4−U0V,−2U0V,−4U0V,−2U0V .f !�g*4

1 → 2 → 2′
$ji�5&A&)4

2
$560

−4U0V .f,4C2
0−2U0V

3k5() !N X���� .n$56A −2NU0V .f !\���m\5CD$
Cockcroft-Walton EFqd

5.5
���!7�EF.� ~.��,4I	$
�RSTSUAk5() EQA�=�&EF��*

2
��fg*@��

5.2 ��������������5CDvw iz()�5C!o"0Cockcroft-

Walton EF�.g*0#x�$%&��1
X$7�

Cockcroft-Walton
5e�#xAr'4lmnop$()*+Ars3i�,-�04RSTSUA./k5()�.4�$0q|1&��&f234

U1′ = −U0
4
U1′′ = −U0

4
U1 = −2U0 .f��#x 5̂C!o"a�5& I
A&)�.RSTS

2’ [-2U0] 2

C2’ C2

S2

S2’

0’>0

1’ [0] 1 [-2U0]

0 [0]

C1’ C1

S1

S1’

0’ [U0]d
5.3:

�5%�&EF$ 2
X����Xk54$J�$�Um�]�U

C1
055&��7�Cockcroft-Walton

5e304d
5.6
3�&�}�

2f
$P=Q

f̂
01%2$P=Qa3k5A6,7()�h8455�/0

1/2f
3'��U1

$5%0k55��,−2U0 <

U1 < −2U0 + I/(2fC1) .f��
N
X$7�

Cockcroft-Walton EF d̂
5.5)
3�u9�:;��<*$RSTSU0 Cn′

4
Cn
4

Cn′′

A=8'
C
3>;w)�,-4RSTSUCn�78*

2f
$P=Q3k5q6,7&�k5/?3'�

1/2f
$/45&

I
��,5xq5z&��

Un
$5%0 −2U0 < Un < −2U0 + I/(2fC) .f���g*4�o@A]$5%0 −2NU0 vw

−2NU0 +NI/(2fC)
31O&�

[61]�~$5%1O$
peak to peak

0qZ[\].BC4�$�}�B()��
δV =

NI

2fC
(5.1)B

5.1
��&DCEFG3GHI$5e$04

I =

0.05A
4
f = 20kHz

4
C = 8.4nF

4
N = 6 qHI8*Z[\]q_`&�.4δV = 890V (δV/V =

3.6 × 10−3) .f��ERL
5CD3J8w)*@�

1× 10−4 K�$Z[\]bL04~$MM30NO3'���~34d
5.7
��&

LC PQ]�qR@hZ[\]STqUg*@��Rm].RSTSU$mSVolSW0 i2πfLf
4−i/(2πfCf )f$34I



2’ [-4U0] 2 [-4U0]

C2’ C2

S2

S2’

1’ [-2U0] 1 [-2U0]

0 [0]

C1’ C1

S1

S1’

0’ [-U0]

0’<0
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�5%�&EF$ 2
X����Xk54$

2EL$�Um�]�E5%
Vin
�7&�zE5%

Vout
$0

Vout
Vin

=
1

1 − 4π2f2CfLf
(5.2).f���&��1 ≫ 4π2f2CfLf

�78*
Vout =

Vin .f,4�P=�� 1 ≪ 4π2f2CfLf
�78*

Vout = −Vin/(4π2f2CfLf ) .f���&��3'�
�5%q|184Z[\]1O5%$�q%�3i��o�WPQ]�o.fg*@��B5.2
$0q�g*_`&�.41/(4π2f2CfLf ) = 0.0383'��Z[\]5%0 34V

��;w)��250kV�78*
1.3 × 10−4

3',4LM0q	
��8h~.�f��
5.3 ����wv$��35CD���()q���(w8h,-4�5%RSTQ���S�A�v�f@�RSTQ���S�I�55&�.4��]W��5 A�o@A]� )!"��ifzE*+qI)�.4zE*+/��if56#q�$4�o@A].%)&'56/�56#A()'f��~)��,4�o@A].u56����()��5*).4�+Sp.�/3�55A+i�''f��,M,4zE*+0553 )!"5 0qZ@[�&�F-q1,�()fzE*+..Z@[�F-q1hf@h84�5 
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Cn’ Cn Cn’’
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U2U2’

UnUn’

UNUN’

LC filter output register
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Cockcroft-Walton EF
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Vin Vout
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5.7: LC PQ]�EF*�I;w)��1-��30 250kV/6=41.7kV�@5*Avvg*@��55��,42

�K5�@5*Avv�.AB&��LC PQ]�o�Rm]��F�y,�{hUo����o�q4zE*+�HR.8*� }	
qUghA4lmnop�ABA�@h��4RSTQ���S���
1MΩ

4!o"����10kΩ
�zE*+qy,�{*@��

JLab FEL
304RSTQ���S���0

140MΩ
4!o"���� 500Ω

�*+q�g*@��Ro�]�30 Kaiser Systems, Inc.[62]
��,��))h4

Cockcroft-Walton
5e30f@

750kV
4

100mA
��*5eq�R&��zE*+�,@*04�����]@��"��q4�*\��W���0

75MΩ
�*+q�{*@� [46]�

6 ��������5CD�78*c4&���A<�!o"�-04 @[�SW4�S904 �]!o"A,45 3<��d 6.1
��&�}�4\���m\5CD304��� �l�]WZ[�

d̂ouble slit
a4#j�$

d̂eflecting cavity
a4#

j5%&
d̂ipole magnet

a4!o"lS\q'{*4
4,���f�+(o�oqc4&�~.�8*@��~~304~)w�c4)*�,@*4+,�-.&��

6.1 /0�123455CDvw�!o"=4S �]!o5C!o"� @[�SWc4��R)6�~7��@WZ[�qR@h�W8"�,@9:;&� [63, 42, 13]�d
6.2
��&�}�45C!o"qWZ[�=qR@9<@!o"=[��>?4�/5xE�?� @[�SW3@A)6�!o"�1B&��!o"=[�0 @[�SW���C�"A?q13DE�"A��C�"A?qc4846F�GQ7896$�/5�\�[�&6td 2.4

��&6$�/HI�JqJ8�~7A3i��~6vwWZ[�6F3� Twiss
�+(o�o7 @[�SWqJ8�~7A3i��

6.1.1 KLMNO���5CDvw�5C!o"PQ04Twiss
�+(o�o7 @[�SW.{30RMwS4T@�/5xUV��WXqY{���/5xUV�WXqZ[&���A<�7@}\]vw4WZ[�:qR4&��5C!o"� S^�o\�_`0

(2.138)
3ab)6��~~345C!o"� �]!o1?Ac� γ̂′ = 0

4
γ′′ = 0

a4
θ
�j�;dC�OWAc�

[Pθ = 0Y(2.9)��8h�}�e�opqf}%,q0
�&�

]
4+o2�P=Qc�

Ω̂L = 0 Y @[�SWc4�W8"�g�j%,Ahi8f@a4jk�lf8
κ̂ = 0

aqm4&��(2.138)
0

a′′ − K

a
− ǫ2n
a3γ2β2

= 0 (6.1)7f��~~34�/5xEqB&K
0

(2.68)
34n)6��\+op3f@h8K = 2ν

β2γ3 = 2I
I0β3γ37f?4

(6.1)
0
a′′ =

2I

aI0γ3β3
+

ǫ2n
a3γ2β2

(6.2)
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RS���
ERL

5CD�\���m\3<�
250keV

5CD�!o"_c�W8"�'_d� @[�SWc4qdouble slit
�W8"3U@4�S90c4q#j�$ (deflecting cavity) qR@9U}�#j5%&04!o"lS\A�&5CDe�opq�!Mf@�}�!o"q#j)���45C!o"� �]!o"A?�c4��R@��7f����� 1 �A�/5xUVqB&�4�

2 �A @[�SWqB&�3<���g94
2I

aI0γ3β3 ≪ ǫ2n
a3γ2β2

3<6t4 @[�SWA@A>f!o"(emittance dominated beam)
7f��~~34 @[�SW ǫn

0!o" S^�o\� @[�SW3<?rms
 @[�SW ǫ̃n

�
4
��07f�

[(2.149)��]�5CD� @[�SW0��>f,-�	 @[�SW3RM��	 @[�SW0
rms
0

(3
��)
3B&~7A�@�34K� rms

 @[�SW3:;��WZ[�:qd
7&�74WZ[�3�gh5C!o"���0 a = d/2

7f��~6q(6.2)
�HI84���

2�71��q
R =

Id2

32I0γβǫ̃2n
(6.3)74n&�74

R ≪ 1
3<6t

emittance domi-

nated beam
7f��B 6.1

�5C!o"�+(o�oq?�WZ[�:d
��qJ8���S95x

77pC
4�S9:

20ps FWHM
3<��34Vo�5 0

I = 3.85A
7f��B6.1

������+(o�o7�� (6.3)
�HI&�7\���m\5CD3043�?

rms
 @[�SW ǫn = 0.3mm-

mrad
4WZ[�: 20µm

��4
R = 0.028

7fgh�JKLM3<�500keV
5CD343�?

rms @[�SW0.1mm-mradqc4&�,-�WZ[�:q10µm
7&�7

R = 0.041
7fgh����S @[�SWDC

5CD �̂]W�*5CD��"a09Ef������3��)69�?4u9���3 @[�SWc4Af)69@��HB?qB 6.2
��&�JLab[55]

4����
[42]
4

SCSS[13]
�@S6��@9�4

R
0

0.1
�?()@07fg9@�~7A2v��SCSS
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x’

x1

x’1a

x’1b

x1

x’1ax’1b

Space charge
Dominated Beam

Emittance
Dominated Beam

Slit

x
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 @[�SWc4��`d�5C!o"qWZ[�3!o"F�84�!o"F�!o""A?q� 3c4&��To�q6$���\�[�&�~7�� @[�SW� Twiss
�+(o�oqJ8�~7A�i��B

6.1: ERL
5��eR�CDvw��C!o"q� @[�SW�@A>f!o"�&�h8�WZ[��� \���m\ 5��eR

E [keV] 250 500

γ 1.49 1.98

β 0.741 0.863

charge [pC] 77 77

Lb [ps] 20 20

I [A] 3.85 3.85

ǫ̃n [mm-mrad] 0.3 0.1

d [µm] 20 10

R 0.028 0.041@9�
25,50,100 µm

�WZ[��c48�	@�
?�2f@ @[�SWq�h�.��200µm�WZ[����i'f� [13]�200µm
��

R

= 0.12
7f�~7vw�R�0� 0.1

�?�()@��A<��WZ[�4�"Agh!o"�c4��789���aW�ZoS��a�O`WZ[�7P�+TQe[\��a�m�oW��Ao=A<?�\���m\�CD����a�l�]WZ[�

B
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9Ef���S @[�SW�CD�� @[�SWc4��R)6hWZ[����
JLab

�
D. Engwall et al. [55]

�?������
N. Yamamoto et al. [42]

�?�SCSS
�

K. Togawa

et al. [13]
�?�

JLab
����

SCSS

E [keV] 250 120 500

γ 1.49 1.23 1.98

β 0.741 0.587 0.863

charge [pC] 10

Lb [ps] 40

I [A] 0.25 10−8 1

ǫ̃n [mm-mrad] 0.25 0.1 0.6

d [µm] 50 40 100

R 0.017 4 ×10−9 0.030�W8"qR@9 @[�SWc4qU}�4�<�������b
�����o�[�7Bt6����V���}��Ah')��@h�@2t��WZ[�qR@hb
qUg9@��.��c4�
X-Y

� @[�SWA�w6��]A<�
[42]��h�m\789��WZ[�qR@h?�
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� @[�SWA�w6��,WZ[�qR@�7�WZ[�q�O)�fAw�]�c4qU}��A<?���Avv��A�]�<��
6.1.2 ��M��K���

JLab
��

1997 	�NEA GaAs
e�opDC�CD�
�>f @[�SWc4qUg9@�

[55]�d 6.1
�!o"_c�W8"� JLab

�W8"q�:�89@��=o�o� Nd:YLF
�

2
��=

(
=0

527nm) q�@�DC
��*�

250kV
�

300kV
�<gh�=o�o�]W��=����W�J�
σt=20ps�=o�oW�[�A��

2mm
����S9�x

80pC
�3�?

rms
 @[�SW 2mm-mrad

�
8pC

�3�?
rms
 @[�SW

0.5mm-mrad q�9@��~��CD�Li
JLab FEL

�R@w69�?�=o�oW�[���
6mm

��S9�x
135pC

�3�?
rms
 @[�SW8mm-mradq�9@��80pC

7
135pc�� @[�SW��@��=o�oW�[�Umo�	
:;�i��

4
�:;8h�}��NEA GaAs
e�op��Sp!�[\ �]!o�$%&�=0q1,p+m�=o�oqR@h,-�!o"� @[�SW�e�op����RM�	 @[�SW�=@07f����300K

�
26meV

�$%8�
(3.25)

`����]o��0ARM�� @[�SW�=o�oW�[����?&���� 1mm
�,-��3�?

rms
	 @[�SW� ǫ̃nx = 0.06mm-

mrad
7f?���H5��e��J)6�0.1mm-

mrad q�h&~7A�i������� N. Ya-

mamoto
����b
��=o�o=0 760nmK5� 0.15mm-mradq�9@�[42]�Dunham

��b

[64]
���=o�o=0840nm

�	 @[�SW
34meV

�
514nm

�
103meVq�9@��~�b
�Vvw�800nm
�=����

1mm
�

0.07mm-

mrad
�

500nm
�=����

1mm
�

0.12mm-mrad7@}~7�f��Ro�]����	 @[�SWc4���=0
532 nm

��@9
114meV

A�w69�?�Dunham
���V7	
u$�<

�
[65]������b
?��}��(Vo�� �!o"�789��!o"J(��q (6.3)

�
d
�HI8�

R ≪ 0.1
A�w6�,-��WZ[�q�2S� @[�SWqc4&�~7A�i���=�mp%,�GQ789!o"�qc48�_`7/89	 @[�SWqJ8h?���)69@�

[71]�
6.2 �����45

NEA GaAs
e�opq�gh DC

�CDvwS @[�SW!o"q�����NO=o�o�=0qGaAs
�����Sp!�[\�=@ 800nm_��&��A���<�A

[42]
��C�� ��A

100ps
_�7!'�

5ps FWHM
:

[66]
�

52

ps FWHM
:

[44]
�=o�o��� 100ps

_��8o]q�$��]A<��=	�"#e�opqR@�~7���� ��QVR$�%&)69@�A
[43]
��C�S90c4��CD�7g9�v�f@'o]�<���S90c4���()P*m]�!o"q��&����$��+�5��qW�Zo�e(+�c4&��A+,�<�A��+�5��q�����C!o"� �]!oAS&H�O]A<���~���C�S9�6?78P=Q�u-8h�.P=Qq1,#j�$q�gh�S90c4�W8"A�R)6��

40ps

7 mrad

deflecting cavity
499.8MHz 
165W

screen

e-beam
250keV
83.3MHz
77pC

d
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��\���m\�CDR��S90c4�W8"��`dq�&�ug/#j�$�(g��!�[\��vv��;7(g��q0"%;



��?��C�S9���j��[�)6���;��i)76$����C� �'F8hW�ZoS���c4vw��C�S90q��&�~7A�i��250keV
��C!o"q� 1.8keV�[�&��� �̂7mrad
a��f

RF
��o�_`0�

165W
�<�

[67]�~��}fc4�W8"��9Ef����GH)6b
��269@��CEBAF
��

6GeV!o"q3,�b
���A&��� 500MHz
�#j�$qGH89@� [68]�Ro�]�����

1.3 GHz
�

TM110
2op�$qGH8 [69]

��C!o"��S90c4q 120kV[70]
�

200kV
7

250kV[71]
���K;9@������X� FELbL���f

100fs
����C�S90c4qU}���#j�$qR@�_	A<?�SLAC[72]�

SPARC[73]
�

2856MHz
�#j�$AGH)69@���

SCSS
��

C
�Sp�#j�$�GHq�489@� [74]�#j�$� �WZ[�q'{�~7���C!o"����j�<���.{qy?z&~7A�i���?z)6h�C!o"� @[�SWqc4&6t�W+mW @[�SWqc4&�~7�f�

[74]�Mh�#j�$7#j�%&q
�-2�9c4qU}~7���C!o"���j�6$���Jqc4&�~7��-7f�
[75]�

7 RF�����
RF
����

DC
���������������� !"#$%&'(MeV)*+(,-(./01�234%/567(#89:(;<=/>�?@=/�� A/B%�$1�CDE

RFF��G�H5CWIJKLML NO(A/ #P%
RF QRS(G>LTUGVWXY/Z[#

700MHz\](L ERL
F�� ^_XY4%/5`abcdeL RF
Ff �%gBhi8LTUjkl

NEA GaAs
`abc�mn=/gBG(.!% #opqrstuvcCs-Te

h
Sb
�wbx�`yqr

K
hz{yqr

Na#K|4Cs
L}~�t`y�����|Z�t��t`ỳ ab

c mnXY4%/5�t��t`ỳ abcG������v��b�bh��v�b�b�bL
2���R ���(����(A/ #Cs-Te

G
4���R �UV

� ��(A/5��QE
��H�#UV R0�b�b(��XY/`abc�n%4#��F��brF���/�G#KY�Y���b�bL 2�#4�L�b�b� b���B=/5Xl�#2�#4���R��/L�#2�#4�L��b�b� b���B=/5¡¢#�#UV R0£¤L`abc�¥ �B#���b�bL 4�#16�L�b�b� b���B=/5gL¦§kl#Cs-Te

`abcG ERL
F���G¨X!%5�t��t`ỳ abc!l¥3/��© A/5ª«�¬%4G#®¯°L±²³ 

S
��cL RF

F����t��t`ỳ abc�¨n|4#´µ�¶·|4%/ [76]5gg(G#̧ bv�¹/ºx�u»x( 32mA
B%�®F��br;<L´¼��H 433MHz RFF��#1mm-mrad

B%�½¾¿
rmsÀÁÂ��x�´Ã|4%/�u�x

ELSA 144MHz
F���ÄÅ�ÆÇ=/5+Z#89:L>LTUL!%ÈDE

RF(SRF)
F���H%4MÉY/5

7.1 ÊËÌÍÎ/ÏÐÑÒÓÐÔÕÖ¸bv�¹/ºx�u»x(G#25%
L

duty fac-

tor
(�±=/

RF×ØÙF���1993Ú�¶Û|Z
[77, 78]5KL©��d 7.1

�+B[/5�t��t`ỳ abcB527nmR0L���b�b�¥Ü4�Ýº�txÞßF� 128mA
�àá|Z5

duty
 

25%
!L(#CW

Þß(G
32mA

(A/5
ERL

F��B|4âã�|4%/F�ä��åæ<|4%/5�b�bLçèé|QRS 27MHz(Aè#���Fê ®.%Z[#½¾¿ rmsÀÁÂ��x 20–40mm-mrad
Bëèì"!%5íîMSïð)*B$% #gYGñòóôõklLö÷k!øY�¤ù=/B|4%/

[79]5i8*�
10−10Torr\]�|#ú�ó��BûüLý��þÿ=/�� A/5i8* 10−11Torr

(LíîG
100 ïð\�#10−12Torr

(G
10000 ïð\�B%�́ µ�b���4%/ [78]5RF
F�



d
7.1:

¸bv�¹/ºx�u»x 433 MHz
CDE

RF
F��L�u�b�b [77, 78]5�â ©�`abc K2CsSb

QE (%) 5–10íî �ïð� 1–10F��
RF (MHz) 433

duty (%) 25���b�bR0 (nm) 527çèé|QRS (MHz) 27F����Fê
(nC) 5½¾¿

rmsÀÁÂ��x 20-40

(mm-mrad)�(
10−11Torr\]B%��%i8*��/LGNO� #DC

F��(G
NEA GaAs

`abc��j\]Li8*(IJ=/5�Ü4#�t��t`ỳ abc�DC
F��(¥ ���p��M��(Aè#Ã	LNEA GaAs

Líî
500C

�
3/gBM��M|Y!%5�t��t`ỳ abc�ERL
F���n%/�G#NEA GaAs

B�)*LPÀÁÂ��x��lY/kB%�TU���=/�� A/56
(�Zì��#NEA GaAs

`abc(G���b�bL�br�v�� 1mm)*B|4#0.1mm-

mrad
L>ÀÁÂ��x ´Ã(.4%/5�t��t`ỳ abcG NEA

de��Z!%Z[#>ÀÁÂ��x ®."!/ #(3.37)
��=ì�����b�bL�v���X"=Y�#PÀÁÂ��x´ÃM¯������BG�3!%5�t��t`ỳ abcL±<���H%4G�� [78]��|%5�

duty factor
��HCDE

RF
F��´Ã�L�UG

RF
L:ºxBRF

�ì/i8L�¿(A/5gY��è
3/Z[#ºx�u»x !1B
AES

�ìÜ4
700 MHz

L
RF
F�� "^XYZ

[79]5ñòóL#¿Bi8$��%#�&Ü4%/5π»bcL 21
2

89(
2.5 MeV

LF��br�;<=/5Parmela
^'(G½¾¿

rmsÀÁÂ��x
6mm-mrad#3nC/

�����HF��br

;< ��5`abcG K2CsSb
k

Cs : Na2KSb�¥n=/()5
7.2 ELSA

ÔÕÖ�u�x
ELSA

(G#�*+,-F��b�b�â�B|4
144MHz

CDE
RF
F��L¶Û�

1990Ú.¶·|Z [80]5�Ýº�tx0 200µs\� ��!PQR RF
F��¶Û��è*|ZLG#FEL

L�*+¿LZ[(A/5/Ú(G���Fê
1nC

(½¾¿
rmsÀÁÂ��x 1mm-mrad�æ<|4¬è

[81]#ERL
F��B|4M¥3K�!©��0/5PQR RF
F��G#89L�v� ®."!/B%�1§ A/ #¢1�!>LÛ;�VWX2/gB (./5+Z#,-34Â�M5"6Y#�%,-Ff ��!"!/!�#CW

¿�78Z9:; }%5d
7.2: ELSA 144 MHz

CDE
RF
F��L�u�b�b�â ©�`abc K2CsSb

QE (%) 1–2íî �ïð� 1–10F��
RF (NHz) 144�Ýº�txçèé| (Hz) 10�Ýº�tx< (µs) 150���b�bR0 (nm) 532çèé|QRS (MHz) 14.4F����Fê

(nC) 1–10½¾¿
rmsÀÁÂ��x 1–3

(mm-mrad)���0
(ps) 60

ELSA
F��L©��d

7.2
�+B[/5`abcG´µ�=�4�t��t`yBCs-Te

L>n(A/5�t��t`ỳ abcLíîGi8*�?@|#10−9Torr )*�B1 ïð#10−10Torr)*�B100ïð)*(A/ [81]5¸bv�¹/ºx�u»xLF��BAB=/B#�)*Li8*(G
1C)*0íî(A/5�t��t`ỳ



abcG FEL
´µ!��mnXY#Cs-Te

G�%i8(M0íî!Z[#�%��© ��XY/´µ�¥öY4%/5
LBNL (Lawrence Berkeley National Labora-

tory)
L

S. Lidia
�ìè��XYZPQR RF

F���
ERL

F��B|4n%/^_�ÆÇ=/
[82]51MHz CW IJ(F��br� 2GeV

�,-|#XFEL
nLF��B|4n%/^_(A/5CDE

RF
F��!L(#DC

F���A��F�#v���ÂÝ̧ ��bc��{#F��]LTU �	XY/5+Z#P%QRS
� (65-200

MHz)
��)|4%/Z[#89:(Û;=/>* k!è�X"#�M>"!/Bg�( 75◦CB#L,S
��c(G�3lY!% CWIJ �ý���(A/5ÈDE(!%Z[ñ����#ÀÁÂ��x��a��vc"���!���!�yÂ{��H5��XY/�br©�(A/���0S 10ps#½¾¿ rmsÀÁÂ��x 1mm-mradG

ELSA
(��´¼ Aè#ASTRA

�¥ÜZ^'(MFê
0.5nC#���0 75ps#À�t3b5 è

δ E=0.1eV#ÀÁÂ��x 0.45mm-mrad
 �lY4%/5

7.3 ���RF
ÔÕÖÈDE

RF
F� G#89:L>! !%Z[

CW
¿ ��(Aè#ERL

F� B|4þâXY4%/5Z�|#ÀÁÂ��x��na��vc ¥3!%B%�1§�"34%/5Ã	#�M¶ÛL#$(%/L #cv%
Rossendorf

LÈDE
RF
F� (#���&L�brsx{�'34%/

[83]5(`abc(Lsx{�'3#)*GCs-Te
`abc�n%/5ÀÁÂ��x��a��vc ¥3!%B%�1§�#`abc�89deìè2.5mm +Ü,[/gB(�-b`x±n��Z2/gB(�.|4%/ [84]5���Fê

1nC,
çèé|QRS 500kHz, 0.5mAIJ(/©�´µ�mn|#77pC, 13MHz, 1mAIJ( FEL

�mn=/()(A/5
BNL(Brookhaven National Laboartory)

(G#~v��0uv1b RHIC(Relativistic Heavy Ion

Collider)
(,-=/

Au
�brñònLF�2B|4

ERL
�3"=/^_��H

[85, 86]5703.75

MHz SRF
F� �n%#À�t3b2 MeV, 5nC,

10 MHz
(IJ=/5`abcG�t��t`y`abc�n%/()5SRF

F� (Gi8LTU !%Z[#®F�F� B|44C��5(A/5
BNL

(G1v�»�c̀ abcL¶ÛM&Ü4¬è#�+"%8�`abcB|4mn=/()(A/51v�»�c6�×ØÙL7�¬.#0��Á�bp��L89�:X3/B�ï�#2;F�<*�ìè
100�)*L=v���/B%�>+�!��(A/5Cs-Te

`abc(M#1v�»�c6B?@Aö2/gB�ìè®F�F� B!è�/
[87]5́ µ(G1v�»�c�(LFB

1MV/m \�LB.%<C 100�\�B%�¡D �lY4%/51%)*LE��C��HFEG`abcB?@Aö2/gB(#E��C 100%\�L`abc�±/gB ��5+Z#10−4 )*LE��C��H��`abcB?@Aö2/gB(
1%)*LE��C�æ<(.#FEG`abcHL�C��H0íî`abc��/gB (./5(L×`abcB1v�»�c�IJ|Z`�ot`abc�n%Z�&Lsx{(G#KL�M|=v�G

1.5�)*|k�lY!kÜZ
[88]5IJï�1v�»�c NO|ZgB!P ¯ùB�3lY#)*NQ #@K�(A/5
8 DCRSTUVW

DC
>ØÙF� G#KEKBXY��·[B|4ZBL}�!,-�(mnXY4%/57[+(��4.Z

DC×ØÙF� G 2
Ùõ\](Aè#̀ abc��b�b�^Y|#KLïð\](�+/F����_�;<=/5cuv`�b�bG#F��brL=b{Lab�DZ=567#«[(ÆÇ=/>ØÙF� (G#`abc#��bc�,34¹yÂcFÙ��H 3
Ùð\] 6c�(A/(d8.1e^)5`abcB¹yÂcð�=b{�txF��f,=/gB(#¹yÂc�t�b (Grid Pulser:GP)

Lïð\](�+/F



d 8.1:
¹yÂc�t�b��>F� ���5`abcBJ�XYZ��bcBLð�DC

�F��f,=/5`abcL�*��Âp��L¹yÂcFÙ Aè �Y646B
`abc�¥ÜZfAG 0.1mmð��#`abcLF��¹yÂc��|4�ý�ux�|4¬8�#F��brG+.*XY!%5¹yÂc�t�b ��]L	i��¥Ü4`abc�
L�F��tx��3/B#F���� +.*XY/5����_�;<=/gB (./5gL¹yÂc�t�bG#×ØÙF� �¬8/cuv`�b�bLab�DZ|#>ØÙF� �BÜ4~�!¶Û�ü(A/5×ØÙF� (G~�!¶Û�ü(A/`abcG#>ØÙF� (G<�|Z�(Aè����¥�L 6c�(A/5ZL}"LF��,-�GCDE

S
��c#L

��c,-�(A/5gYlL,-�F� nL¹yÂc�t�bB|4#��u�p�{u��x��mn|Z�-#�F�L¹yÂc�t�b 
Kentech �jkl��XY4%/ #S��vÝº��G�=(.!%5ERL

(mn=/#CW�G�Ýº�tx< S��vÝº��
=ì�!F��br�;<=/�G#�=L¹yÂc�t�b�¶Û=/�� A/5¯�+�\ ��¯ �FEL
¹tb�G#ÈDE,-��¥ÜZ�*+

FEL
¶Û�&ÜZ5�Ýº�tx<G

1 Áy�#10Hz
B%�IJ 7�(Aè#�çèé|��!¹yÂc�t�b¶Û ~�

(AÜZ5$���(�FêLF������/Z[�#�-#�F�¿#K|4 )¿ �U(AÜZ5��u�p�{u��x�G�çèé|��=(.!%L(#xsÂ� ỳ �yb1v�bc
(Step Recovery Diode:SRD)

�¥Ü4�-#�çèé|�!"X2Z5SLAC
L

Koontz
�ì/#$d

[89]
�%�#&,�?@"4Z¹yÂc�t�b�n%4#2000Ú�Gçèé|QRS 10.4MHz#���Fê

0.51nC#���< 0.8ns#½¾¿ÀÁÂ��x
13mm-mrad#�Ýº�tx< 1ms#À�t3b 230keV

L�'*F����;<�<(|Z
[90, 91]5�Ýº�txÞßF� 5mA

G#)ïL
JLab FEL[92]

B�j(Aè#JLab
BH*�Ýº�txAZèLÞß*+ 1.7kW

�´Ã|Z
[93]�JLab

GKL*#F��2�#�brÀ�t3b�
2.5��|4 14kW

�´Ã|4%/�5F��brkl
FEL�L+,�CG 6%

�æ|#gYG JLab

FEL
L

1%
�G/k�-.ä(AÜZ5gLxsÂ� ỳ �yb1v�bc�¥ÜZ¹



yÂc�t�b��G#ºp�L`c`b !1
(BINP:Budker Institute of Nuclear Physics)

(Xl��#XY#h 4 20MHz CW
¹yÂc�t�bB|4�<=/ [94, 95]5BINP
LF� G���Fê

1.7nC#ÞßF�20mA
�0è#su�t%
�L�*+

ERL FEL
Lcuv�b,-��mnXY4%/5¯�+�\ (JAEA)

(G#1.7 kWÛ�*�
ERL FEL

�N]|Z5Koontz
�v�LF� (G

10MHz
Lçèé|QRS� 20MHz

�=/L NO(AÜZZ[#BINP
¹yÂc�t�b�EX|#FEL

´µ�n%Z5gg(G#gL
BINP

¹yÂc�t�b��#JAEA ERL FELF� LF����©��ÆÇ=/
[96, 97]5

8.1
Î�	
��Ëd 8.1
��=ì��#ouÁÂÝ,-õ�DC�F��f,|#`abcB��bcFÙð��FB�k8/5`abc�G>`abc�6�8#�b�b(>=/gB�ìèF��br +.*XY/5gL++(G DC

�br�!/L(#`abc�*��Âp��L¹yÂcFÙ�"�|�Y646B
`abc�¥ÜZfA#`abcB¹yÂcLð�G 0.1mm

�#`abcLF��¹yÂc��|4�ux�=/ì��v�xF��f,=/5¹yÂc�t�b �d8.1
�]	i�(`abc�
L�F��tx��3/B#�t�bLïð\]�=�ZF����_ +.*XY/5¹yÂc�t�bL��d�d 8.2

��=5�x�b�p�b�bklL 20.8MHz
L���×�tx�+,|#×��v�b��|4���bÁzt�E"5×��v�bGF����G(Aè#���bÁztB¹u�cL��G�ý�6Y/5×�tx������bÁzt�(F����+,|#2

H�ý�|4�7���X2/52HL��GKY�Y{u��x�xvÂ����=/L�¥öY/5xvÂ�G0�����G���Lab�DZ= SRD
��<F=/L�n%lY/5SW1

�
ON
|4

SRD
L�77�F���=B#SRD

G0����B|4�.Fê��[, 5�Fïð 13ns
*�

SW1
�!Ü4

SW2
�

ON

=/B#SRD
��Ü4%ZFê "#4&" �<F�5h 4#SRD

��Ü4%ZFê !"!/B$%
SRD

G����+¿=/5<F/�magnetic

accumulation line (&�p�b{|ZBNC'b`t(#(�B¹u�cLð�)�À�t3b �[,+Y/���Y4%ZF� $%�Y!"!è#gY���=/Z[�
êklF� �Y, 5g�|4#�-L�tx���;<=/5
êB|4d 8.2
L§�(�=

50Ω
L���¥ÜZfA�G#d 8.3

��=ì�!F��tx�� ����Y#
êB|4`abc�¥ÜZfA�G#F��brB|4F� kl+.*XY/5¹yÂc�t�bG`abc��-�F��tx��3/�8(!"#���!�br *!%ì��=/Z[L�v�xF2h`abc�*[/�+u��{F2L��M234%/�� A/5�t�bL�-�F�©�h )©�!!ö!%ì��#��bÝ0vth����Ç|4KYlLF2�6è�8/5¹yÂc�t�b#$�d 8.2
L§�(�|Zì�!

50Ω
L���H8#630pF

0����]�L�v�x#$#�+u��{#$�,|4#¹yÂc�t�b���1GHz
���t�pº �Tektronix

TDS684B
�(-)|Z5¡D�d8.3

��=550ΩL���
(500+50)Ω

L���H_�H84#1/10F�L���6è�|#Xl�1/10
L	.��H84-)|4%/L(#´/LF�Gd 8.3

L
100�(A/5d 8.2

L§�(�|Z���,|#�v�x#$#�+u��{#$�BèH8#F� �01=/22 �3*#¹yÂc�t�b���400MHz�zº¹�pº �Tektronix 2467B
�(-)|Z5¡D�d 8.4

��=5d 8.1
L	i�43/ì�!�pº�ºb`��t�bL5&�+Ük84-)|Z5d 8.4���tx\]��=5d 8.3

ìè�tx< 0"!Ü4%/LG#�pºL=6-*L7%B�v�xh�+u��{F2#$�6è�8ZgB�ì/5d 8.4
]G�tx_�d=5S��vÝº��8Ü4R�Lj|%�vÝº�tx_ 9<XY4:;<=>?@;A



Y-646B
(EIMAC)

Y-646B
FILAMENT
POWER 
SUPPLY

Y-646B
BIAS
POWER 
SUPPLY

20.8250MHz
MASTER 
OSCILLATOR

SRD

- 20V

+ 40V

OPTICAL
RECEIVER

OPTICAL
TRANSMITTER

AMPLIFIER

HIGH VOLTAGE DECK

MAGNETIC ENERGY 
ACCUMULATION LINE

SW1

SW2

630p50Ω

2kΩ

d 8.2: BINP�����������	
8.2 
��������@�������CT(Current Trans-

former) ������� A�����>!� "�#$%&��'=����(;)*+,;A
CT
�-./01:���2

10ps3�����������0.53ns
=����:;A	 8.5 405678

CT
+��� 9:;<=�>(A9:;3 0.79ns
@�

CT
�-./�?@���9:;3

0.59ns
>A�B AC'�DEFGHI�J+�'K�����L�M�' 0.92A�A A	8.5

C@��NO�
50µs

��:P:��QR=�STUMV9:;�<W�XYZ�+,;A	
8.6
09U[\�]�^_`a8>���� �TUMV9:;b=L�M�'�cd�>(A9U[\�]�ef�JF\+,g��]�4h;=�	
8.4
���������ij�k�\�l>WR8;A����=Im��n�o�pij>qr70s`R8g���9:;�L�M�'>C>;=t09:;3>uR8;A	

8.6
0vw�x:\���y�>(A���C'�mz{U� |[{��@�27cm}�K�^~8>�����U��C'�\M��: |[{��@�

64cm}+��� A[{�����>��
10mm

�Im����U�>�� 8mm
+,;<=@��[{����+�����U�� 8mm

=�

�
8.1: ����� ERL FEL

����f/�� ���W�]
230 kVIm�� Y646B (EIMAC)Im���U� ��

8 mm9:;�g��
20.8250 MHz,

10.4125 MHz9:;3 (FWHM) 0.59 ns9:;��
0.54 nCL�M�' 0.92 ATMV��\b up to 1 msTMV��\�g�� 10 Hz"n��x� (rms) 13 psL�M�'�^� (rms) 1.2%��_

rms
vw�x:\ 20mm-mrad�� AO�Twiss

�F��x�=vw�x:\�^~8>�������������� G�x0N¡¢R,£��¤¥@���_
rms
vw�x:\�20mm-mrad

=¦§ AL�M�'�¨�1©ª�"n��x�=�� «�f¡����0¦§�B¬®8f/+,¬A¯0W��
FEL

�°±²³��[:�´z�x�µ���9:;�"n��x�0¡¶·��"n��x��¸¹�°±²³�º»0�¤(¬ [98, 99]A



	
8.3: 1GHz

G�x���V��� ��������ij��¤¥A�]� −110V
���\3�

890ps
+,¬A��\n�� 20.8250MHz

8�+
48.0192ns

+,¬A"n��x��T\x���z�x�ij=��9:;n�"n��x�=����(¬AT\x���z�x�MV�M@���9:;> CT
0��(¬"n�T1

���T\x���z�x��MV�M@�����9:;> CT
0��(¬"n�T2

=(¬AT\x���z�x�MV�Mn��R
=(¬A��9:;��<2> 20.8250MHz+,B��

R = 48.0192 ns
+,¬AR =T1

�
T2
�	 |"n��x�}�∆1

�
∆2
=(¬A∆1,2

��
�����+,¬>�g�£
2
1���9:;n�

T1 − T2 �G�x���V+��(¬����+,¬A���	 〈(T1 − T2)
2〉 �∆1,2 �����(=

〈(T1 − T2)
2〉 = 〈(∆1 − ∆2)

2〉 ≈ 2〈∆2
1〉 (8.1)=8¬A��+�∆1

=
∆2
����0qc>8�

(〈∆1∆2〉 = 0)
=���B�B����	����

	
8.4: 400MHz

[�V���V��� ��������ij��¤¥A9U[\�DHF�:p�������D� �p+���A4�!"
5ns/DIV,

C�!"�
100µs/DIVA#"�$%�¡

50V/DIVA
(〈∆2

1〉 ≈ 〈∆2
2〉)
=��� AG�x���V�����

10
-n0&g��� g'(���9:;n�����	� √

〈(T1 − T2)2〉 − 〈T1 − T2〉2 =

18ps
+,� |	

8.84)*}A(8.1)
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